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LOCAL PRODUCT STRUCTURE FOR EQUILIBRIUM STATES

RENAUD LEPLAIDEUR

ABSTRACT. The usual way to study the local structure of Equilibrium State
of an Axiom-A diffeomorphism or flow is to use the symbolic dynamic and to
push results on the manifold. A new geometrical method is given. It consists
in proving that Equilibrium States for Hélder-continuous functions are related
to other Equilibrium States of some special sub-systems satisfying a sort of
expansiveness. Using different kinds of extensions the local product structure
of Gibbs-measure is proven.

1. INTRODUCTION

In [5], Bowen and Marcus define a notion of the transversal to a n-dimensional
foliation G in a metric space X and a notion of a G-invariant measure. They
prove that up to a constant there is a unique G-invariant measure for any Axiom-A
diffeomorphism or flow where G is the strong stable or unstable foliation for any
basic set. In [g], for the Axiom-A flow case (2, @), Haydn proves the existence of a
transversal system of measure {u, } supported on the local weak unstable manifold
which is not invariant along the W#*°-foliation but which admits a Jacobian of the
type =+’ with wy o = [;7(F 0 @50 pya — F o ®,)ds where F is any Holder-
continuous function 2 — R. In his proof, Haydn assumes that ®g.pu, and pg, (o)
are two equivalent measures and uses the symbolic dynamic just as in [5]. In
[1], Babillot and Ledrappier prove the previous result, plus uniqueness, without
assuming that ®g.pu, and pg,(,) are absolutely continuous. Unfortunately, they
still use the symbolic dynamic, which prevents us from extending this to the non-
uniform dynamic. Another proof of this result is given here. As we don’t have
uniqueness, it is in one sense weaker than in [I], but it is more geometrical and
doesn’t hide all the real dynamic on the manifold as the symbolic dynamic does.
It should be easier to extend it to the non-uniform dynamic case.

The proof is based on the definition of a sub-dynamical system which is related
to the “big” one. For this sub-system, we prove existence and uniqueness of Equi-
librium States for good potentials and we connect them to the Equilibrium States
for the global system. As we are looking for measures, we use a Perron-Frobénius
operator acting on continuous functions to define its adjoint acting on the set of
probability measures. This makes the proof more complicated but is necessary. We
are then able to recognize among these states a good candidate for the transver-
sal measures. Moreover, our proof gives the local product structure of the Gibbs
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1890 RENAUD LEPLAIDEUR

measures and, as a corollary, the pointwise dimension formula. Theorems are an-
nounced and proved for Axiom-A diffeomorphisms but can easily be extended for
Axiom-A flows which are suspended flows.

To be complete, some well-known facts about Axiom-A theory and extensions
are recalled at the end.

As we intend to later extend these results to the non-uniform hyperbolic case,
we have taken care to use in our proofs only facts about Axiom-A that can be in
some way extended to the general case.

2. BACKGROUND AND RESULTS

2.1. First definitions. Let M be a compact Riemannian manifold, and let f :
M — M be a C'* mixing diffeomorphism, with the Axiom-A property. We
assume that a metric adapted to f has been chosen such that the following holds
(see [4] for such metric)

(1) Periodic points are dense in the set of non-wandering points §2.
(2) Q is hyperbolic, meaning that for all x in  there is a continuous splitting of
the tangent space T, M with
(a) ToM = E; & By
(b) dfz(E3) = B}, and dfo(E7) = E} ) ;
(c) there exists A €]1, +o0] such that for all integer n > 0.

1
lldfz ()l < 35 o]l for all v € EZ,

1
ldf; " @) < 57 o]l for all v € B

o will denote an expansiveness constant and we will denote respectively W ()
and W2 (z) by W (x) et W (x). If ¢ is small enough, then

[ ]« @y e xQudz,y) <p} — Q,
z o oyl E Wi (@) N W (y)

is well defined for all p < pg, where pg is sufficiently small. In [4], Bowen shows that
there exists a finite Markov partition with diameter as small as we want, such that
each atom of the partition is a proper rectangle. We pick a proper rectangle R with
the Markov property and with diameter smaller than € (4e < pg, and 4e < &¢).

Let us assume that A is an a-Holder-continuous function from 2 to R. In the
set of invariant probability measures there is one particular measure, called the
Equilibrium State for the potential A. It is denoted by p#, and it is the unique
f-invariant measure which realizes equality in

huA(f)—i—/AduAzsup{hu(f)—i—/Ady},

where the supremum is taken over the set of invariant probability measures. We
will denote by P4 this supremum.

Let us make precise here the definition of a transversal to the stable foliation
(see [A]).
Definition 2.1. A transversal to the stable foliation W*({) at = is a compact
K containing x such that there exists a one-to-one map ® : K x D* — ) with

O(y x D*) C W4(y), ®(y,0) = y for any y and ®(K x D*) being a neighborhood
of x in Q.
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If K is a transversal to the stable foliation, a transversal measure px on K will
be a finite nonnegative Borel measure on K, and a system of transversal measures
will be a family {px}Ktransversar Of transversal measures on all transversals K.
If K and K’ are two transversals, two sets A C K and A’ C K’ will be called
W#-conjugate if there is a one-to-one Borel map m4 4/ : A — A’ such that, for all
xin A, ma 4 (x) € Wo(x).

Definition 2.2. For w : 2 x Q@ — R, we will say that a system of transversal
measures is w-absolutely continuous (w-a.c.) if and only if

(1) for any transversals K and K, for any W?-conjugate sets A C K and A’ C K,

pr(A') = [y w(ra,a(z), o) duk(@);
(2) px(K) > 0 for one K

2.2. Results. Let x and 2’ be two points in Q such that '’ € W*(x). We set

}jAo — Ao f¥(z).

Theorem 2.3 (A). There exists a unique W?-transversal measure system {px}
such that

(i) {ux} is e¥-a.c.;
(ii dp g0 f () — A@)—Pa
dfpirc ()
This transversal system is equivalent on each W} _(z) to the conditional measure
ut of the Equilibrium State u with respect to any measurable partition subordi-
nate to the unstable foliation.

We refer the reader to [II] and [I3] for precise definitions about measurable
partitions and subordinate partitions. The proof of Theorem A needs the absolute
continuity of the conditional measures of the Equilibrium State. We shall first prove
this as well as a result on the existence of pointwise dimension.

Definition 2.4. Let v be a probability measure on the metric space X'. We define
the upper pointwise dimension (respectively lower) of v at a point xg as the real
number

— e 1 B 5
3(r0.) < timsp BT -]
E—

(resp. d(xo,v) “ Yimint . .. ). If these two numbers are equal, we call their common
value the pointwise dimension of v at zy and we denote it by §(xo, v/).

Theorem 2.5 (A’). The Equilibrium State has local product structure
A ([0, ) = 0y ) () © A (2)

where b and pb* denote the conditional measures of pu with respect to any
measurable partition subordinate to the unstable and the stable foliation; y is any
point in W (z) and z is any point in WS _(x), and @, is a non-negative Borel
function.

Moreover, p, po" and pib® have pointwise dimensions, §, 6% and 6%, u™ almost
everywhere constant, and

A,u

§=06"+ 6
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Remark. This last equality § = §% + §° is a particular case of a general fact in the
non-uniform hyperbolic case that has just been proved in [2].

3. THE DYNAMICAL SYSTEM (F, gr)

3.1. Definitions. Pick R one particular proper rectangle with the Markov prop-
erty. By Poincaré’s theorem, we define respectively R,, and R, as the set of points
in R returning at least n times in R by the map f and the set of points returning
infinitely often. The first return time map from R to N is defined by

( )_ 0 if$¢R1,
T ke if ko = inf{k € N s.t. f¥(z) € R} < +o0.

Then we define the map g by

g: R — R,
d f (T
z o g(z) = frO(@).
For any integer n, and for any x in R,,, we write 7 (z) &f =) (@) (2).

Definition 3.1. Every W"(z, R) (resp. W*(x, R)), where z € R, is called an
unstable leaf (resp. stable) of R.

If F' is an unstable leaf of R, we denote F} def FNRy, Fy def FN R, and
aF “ pn 0° R, where 0°R is the stable topologic boundary of R.

We also define the stable holonomy onto F' by

mp: R — F,
r — 7p(z) e W (z, R)N F.
We can easily check that we have:
Lemma 3.2. Fvery unstable leaf of R is a compact set.

In the whole paper, F' will denote an unstable leaf of R\ 0“R.

We define the map gp : F — F by z — gp(x) def mr o g(x), and we denote
by Hi the set F'\ Fy.

The Markov property of R implies a similar property for the system (F, gg) on
the inverse branches.

Definition 3.3. We call n-cylinder (n € N*) of F every T @wre (@) (2), R)
with z in R, and f7"®)(z) € int(W*(f"" @) (z), R)). The integer n is called order
of the cylinder.

Some of the points may be in several cylinders of same order. If we denote by
0y F the set |J,cn 97" (OF), we claim that a point, which is in several cylinders of
the same order, must be in J,F. We also remark that the Markov property implies
that gr(OF) C OF.

Cylinders pretend to be the inverse branches, but because of the existence of
the sets H; and 0,F, g doesn’t really map any n-cylinder to F. Part of the job
will consist in studying these bad sets H; and 94F. Let us start by giving some
definitions.

Definition 3.4. If C' is a 1-cylinder of F, we call return time of C' the common
return time of every point in C'\ 9, F.
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Definition 3.5. Let z € F. We say a point y of F' is a 1-preimage of x by gp if
and only if

(i) ye Fi;

(ii) there exists a 1-cylinder containing y, with return time r(y,C), such that

wr o fr 9 (y) = x.

We will denote by Ant(z) the set of 1-preimages of x and by Ant(k,x) the subset
of Ant(z) of points y such that 7p o f¥(y) = =.

If k € N*, we define the set of k-preimages of « by gr, Anty(z), by

Anty(2) 2 Ant(Antp_1(2)).
Remark. Points in Anty(x) are points in k-cylinders.
Using the mixing property we can easily check that:

Lemma 3.6. For all x in F, |, . Ant,(x) is dense in F.

neN

3.2. The metric 7. The natural metric on F' doesn’t separate enough points. For
instance points can be very close in F' but in different cylinders. We introduce a
quasi-metric, which is more adapted to the cover by cylinders. To keep control on
backward and forward orbits we look at the half-time we need to be greater than
an expansivity constant.

Definition 3.7. Let x and y be in the same unstable leaf of R; we call n(z,y) the
greatest positive integer such that

d(f*(2), ') <& vk <n(z,y).
We denote by N(z,y) = [sn(z,y)] + 1, where [z] is the integer part of the real

number z.

Let us now show that the map N(.,.) is almost constant along the stable
foliation.

Lemma 3.8. There exists an integer P(R) such that for all x and y in F and all
' and y' satisfying ©’ € W*(x, R), y' € W*(y, R), and ' € W*(y', R), we have
Proof. Let p € N such that d(fP(z'), fP(y')) < € and d(fPT(z'), fPT(y')) > e.
Contraction on stable manifolds leads to d(f?(z), f?(z')) < e and d(f?(y), fP(y')) <
g, which implies d(f?(x), fP(y')) < 2e. The ~v-Holder-continuous property of [.,.]
proves that
(d(fP(y), fP(@))7 < d(f2(), () < ([d(f2W), (@)

We know that there exists A’ such that d(f?(y'), fP(z')) > /X since p = n(z',y’),
and it is sufficient to have )\‘1(6/)\’)% > ¢ to get d(fPT9(x), fPT9(y)) > e. This gives
(v —1)loge +log N

~vlog A '

n(z,y) <n(2',y') +

The other inequality follows from the same computation by exchanging (x,y) and
(@', y"). O

A quasi-metric on F is defined by the following.
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Definition 3.9. Let x and y be in F'; we define
(o) ™
NY) = YN (z,y)
Remark. There exists a universal constant C' such that d*(z,y) < Cn(z,y).
Associated to this quasi-metric a set of Holder-continuous functions is defined.
Definition 3.10. We denote by CJ(F) the set of continuous functions from F to
R such that
)" sup [6(@) = ol _
ey 0(T,y)
TFY
We define a norm || ||, : CH(F) — RT by ¢ — Cy + [|¢]|co-
Then we have.
Proposition 3.11. (C(F),||.|l,) is a Banach space.

3.3. New potential. We want to see ({2, f) as an extension of (F,gr) and the

measure pu”* as an extension of an Equilibrium State for (F,gr). To that aim, we

have to exhibit a new potential, related to A but taking care of the fact that we

are iterating gr and not f. We define functions B’ and w on F'\ (H1 U 94,F) by
r(xz)—1

Z Ao f*(z) and
k=0

Bz) “

+oo
w@) Y3 Ao P (@) — Ao fromp o f1O(a).

k=0

The function B defined by B(z) = B'(x) + w(z) provides a new potential on
F\ (H1UQJyF). Using B means we are iterating g and not f, and w introduces
the drift coming from the iteration of g and not g. Baire’s theorem shows that
0y F has empty interior, and B’, w and B can be extended by continuity in every
cylinder to F'\ Hi. As points in dyF can be in several 1-cylinders, we will write
B(z,C;), w(z,C;) and B(z, C;) where C; is a 1-cylinder containing z € F'\ Hj.

Lemma 3.12. Let x and y be two points in F' and 2’ and y' two 1-preimages of x
and y from the same I-cylinder, C;. There exists a universal constant C such that

w(a', Ci) —w(y', Ci)| < Cn(z,y).
Proof. Let r be the return time of the cylinder C; and N = N(z,y). We have

N
w(a:', Ci) _ w(y/7c«i) — Z‘AO karr(x/) — Ao karr(y/)
k=0

N
> Aoffompofi(al)— Ao ffompo fr(y)

k=0

+oo
+ 3 Ao ffH7(@) — Ao fFompo fT(a)

k=N+1

+oo
— S Ao ) — Ao fromrpo f(y).

k=N+1
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e upper bound of the first term: Using Lemma (B8], we check that this term is

less than ZkN:lé_p |Ao fF+7(z") — Ao f*+7(y')|. The Hélder property of A and the
expanding property imply that

N’ C
Z |-AO fk—Hn(xl) —Ao fk+r(yl)| < AN *
k=0

Lemma (3.8) yields again
N/
D Ao [Ty = Ao fFHT(y)] < Cn(x,y).

k=0

On the other hand, d(f(z1), f(22)) is less than Cd(z1, z2) with C = [||df|||. This
implies that

N'+p
S Mo fE () — Ao fH ()] < O ), Y)Y

k=N’'+1

and finally, we obtain

N
> Ao fHr (@) — Ao (Y| < O, y)
k=0

where C' is a universal constant.

o upper bound of second term: Just like the previous term, except we don’t need
to use Lemma (3.8)).

e upper bound of third and fourth terms: This is a direct consequence of con-
traction along the stable leaves and the fact that A is Holder continuous. O

Remark. Using the contraction along stable leaves, we have |w(x)| < Cdiam(R) for
all z in R; and for all 1-cylinders containing x.

If z is a point in R, \ 0,F, Sy (B)(x) will denote Z;é B(gh.(x),CF), where C¥
is the 1-cylinder containing g% (z). If it belongs to 9, F, then S,,(B)(x) will denote
the same expression in which we have just exchanged g% by the projection onto F

by 7 of good iterates of f (corresponding to the kth return time of the n-cylinder).
We have

Lemma 3.13. Letn € N, x and y be two points in F, (z',y’) € Ant,(z) x Ant,(y)

such that ' and y’ are in the same n-cylinder; then there exists a universal constant
C such that

Sn(B)(2") = Sn(B)(y)| < Cn(z,y).

Proof. Pickn € N and x and y two points in F'. Since the interior of OF is empty, we
assume that neither z nor y are in OF. This guarantees that for any 2’ € Ant, ()
and y' € Ant,(y) neither 2’ nor y" are in 9,F.

We can show by induction that

r(z’)—1

SaB)(z') = > Ao ) +w(g" (),
k=0
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hence
r*(z')—1

1Su(B)(@') = Su(B)) < Y Ao fHa’) — Ao f5(y)]

k=0
+lw(g" (@) —wlg" W)

Lemma (3I2) shows that |w(g" 1(z)) — w(g" ' (v'))] < Cn(z,y), where C is a
universal constant. Thus the expanding property and the Holder continuity of A
and 7p finally lead to

r(z))—1

> Ao i) — Ao fE(y)| < C(x,y).

k=0

If x or y is in OF, we use continuity. O

4. EXISTENCE OF GIBBS MEASURES FOR (F, gr)

4.1. The Perron-Frobenius operator. Let S € R; we define Bs by Bs(z, C;) def
B(z,C;) — S, and a family of operators Lg.

Definition 4.1. For S € R, we denote by Lg the operator defined by
Ls: ¢eCUF) —— Lg(¢p): F — R,
de
v Ls(@)@) e Y B g).

yEAnt(x)

We claim that if Lg(1r)(z) < +oo for some z, then Lg/ (1r)(y) < 400 for all
yin F and all S’ > S. This allow us to define Critical-Convergence-Value of these
operators.

Definition 4.2. We will call Critical-Convergence-Value of Lg, denoted by S, the
infinimum in R of the set of S’ such that

VS>S'VeeF Ls(lp)(z)<+oo.

Proposition 4.3. The Critical-Convergence-Value of Lg is less than or equal to
the topological pressure of (U, f) for the potential A.

Proof. Let us pick an 2 in F; then Lg(1p)(z) = 3% (EyeAm(n@) eB(y’cy)> e "9,
It is sufficient to look for the convergence radius of this power series. If y and 7’
are two points in Ant(n,x), then they must be (g,n)-separated, because they are
in the same local unstable manifold at time 0 and in the same local stable manifold
at time n. This means that Ant(n,z) is an (g, n)-separated set of points, which is

not maximal, and

1
lim sup — log Z B | <Py,
n—oo T yEAnt(n,x)

Cauchy’s criterion implies that Sg < P 4. O

Remark. We will see later that for S = P4 the series converges.
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From now till the end, we will assume that S > S;.
We will denote by Mg the real number sup,cp |Ls(1)(z)].
Proposition 4.4. Lgs is a bounded operator from (C°(F),|| ||oo) to itself.
Proof. Pick ¢ in C°(F); we have

—+oo
1Ls(0)(@) = Ls(@))] < D Y [ p!) — B g(y))|
k=1z'c Ant(k,z)
y' €Ant(ky)
+o0o
< Y B p) — ey

k=1z'€ Ant(k,z)
y' €Ant(k,y)

+oo
TP DD SR ]
k=1z'€Ant(k,z)
y' € Ant(k,y)

Using the fact that ¢ is uniformly continuous on the compact set F', and using
Lemma (T3], we easily check that Lg(p) € CO(F). Thus ||Ls(¢)]lec < Ms||@| co-
O

4.2. Definition of ug. Lg is a bounded operator from the space of continuous
functions on a compact set to itself. It admits an adjoint operator, denoted by
L%, acting on the set of probability measures (denoted by M) and defined in the
following way:

Lo / Ls(p)dp.

Schauder-Tychonoff’s theorem implies the existence of an eigenvalue for this adjoint
operator.

Proposition 4.5. There exist a probability measure ps and a real number Ag € R*.
such that

L5(ns) = As ps-

Definition 4.6. Every element of Mg which is a fixed point of E’g def %E’g will

be called the Gibbs measure associated to the potential Bg.

Proposition 4.7. For any Gibbs-measure g, the set H of points in F' that return
only finitely often in R by the map f has zero measure.

Proof. Let n € N, and let Hf_l denote the set of points that return only n — 1
times in R by the map f, and K, _1 be a compact set in Hf_l. Let 6 > 0; there is
an integer N such that for all x in F'

+oo
Z Z e5n(Bs)(y,Cn(y)) SAL

k=N yeAnt,(x)
" (Cn(y))=Fk

where C),(y) denotes an n-cylinder containing y, and r™(C,(y)) denotes the n-th
return time. Fy' = U,n(c, )<y On(y) is compact. By Urysohn’s Lemma (see
[14]), there exists some continuous function s, such that ¢s,(x) = 1, for all
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€ Kpn1,0< psn <1, and p5,(x) =0, for all z € FJ*. Then

1
ps(a) < 57 [ £3Gesn)dus <5
S
hence ps(H) = 0. O

4.3. Hypotheses of Ionescu-Tulcea and Marinescu’s theorem holds. We
want to check that Ionescu-Tulcea and Marinescu’s theorem’s hypotheses (see [
in appendix) hold for the operator Lg. The small space will be (CY(F), || |l) and
the large one (CO(F),|| ||s). Complex valued functions are considered here as
Y =pr+ 2901

(i) holds: Let (¢n)nen be a sequence of functions in C(F), converging to ¢ in
(CO%(F),|l lls). Let C be a constant such that, for all n, ||y, < C. Pick § > 0
and N such that, for all n > N,

lon = ¢lloe < 6.
If x and y are two points in F' and n is an integer greater than IV, then
lo(@) =) < 26+ pn(z) — only)l
26+ (C = llenlloc)n(z,y)
204 (C = llglloo + 0)n(z,y)

which shows that ¢ € C)(F) and |||, < C.
(it) and (iv) hold: Pick ¢ € C)(F) and denote by C,, the real number

INIA

s 12&) = 2(y)]
z;éry) n(may) .

Let z and y be in F, and n an integer; we obtain by Lemma (B.13)
—~n —~n C ’ ro
")~ B o)) < S S8l

Y € 77(37,a y')
S

IN

z' € Ant,, (z)
y' €Ant, (y)

1 / ’o 0
+/\_n||¢||oo Z Sn(Bs)(y',Cn(z’sy ))|605n(3¢,y) —1].

' €Ant, ()
y/EA"tn(y)
Lemma B8 proves that N(a',y") ~ N(x,y) + M
So there exists a universal constant C such that

—~n —~n C eSn(BS)(xl)
ILs (p)(x) = Ls (o)) < Cq:n(a?,y)(A—n > W)

s z' € Ant,, (x)
C 7
) @ lele | 7 D eTEIWD
& y' €Ant, (y)

For n = 1 we get from (@) that Lg(p) € Cp(F) and that Ly is bounded for || ||,
Sn(Bg) is continuous on each n-cylinder which is a compact set. It is bounded
from above and we have by Lemma (B:13) that

%= /,Csﬂp dpg > Z e ¢ exp(sct}p Sn(Bs)).

n

C,n-cylinder
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This gives

< T exp(Sn(Bs)(x', Cn ("))
n AZ " (Cu(@)

z'€Ant, (x)

S cef exp(Sn(Bs)(«', Cn ("))

AT (@ Cn @)

z'€Anty, (x)
B S exp( sup Su(Bs))
2’/ € Anty (z) Chn(z')

As 7"(z',Cp(2')) > n for all n and all 2’ € Ant,, (), we pick ng such that A= ™0 >
2Ce®. Then @) yields

“n 1
15" (@)l < 5lllly + bllello

for some 0 < b < +o0. B
(1ii) and (v) hold: Using Lemmas (3.I12) and BI3), we check that ||[LE(1F)]lc0 <
e® < oo. Moreover, if ¢ € CH(F) and [[¢[|oc < 1, then, for all integers n, we have

1£%(0)lse < II£%(1F)] 0o For (v), Ascoli’s theorem is needed.
4.4. Quasi-Gibbs measures.

4.4.1. A\g is an eigenvalue of Lg. Using lonescu-Tulcea and Marinescu’s theorem
we get the following result.

Proposition 4.8. There exists h € C,(;(F), a strictly positive function, with ug-
integral equal to 1 such that Lg(h) = Ag h.

Proof. Lemma (C.3) shows that there exists h € C)(F) such that

1 n—1 "

i (|37 2 (1) — bl =0,
k=0

Obviously Es(h) = h. Moreover, Lg is a positive operator, because Bg is a real-

valued function; this implies that h is positive. Also, Lebesgue’s dominated con-

vergence theorem shows that [ hdus =1, and the mixing property proves that h

cannot vanish. 0

4.4.2. Property of Gibbs measures. As we have seen in previous sections, problems
on F' come from points of H or 9yF. Unfortunatly we have to keep these sets to
find good measures among the dual set of the continuous functions on the compact
set F' D HU9yF. We have already seen that pug(H) = 0 for any Gibbs measure
1s. We see now another important result

Proposition 4.9. For any Gibbs measure pug, OF and Ant,(OF) have zero mea-
sure for all n € N.

Proof. Pick n in N*. Set Ant,, (OF) Nint(F) = D¢ . Since D5, C int(F'), no point
can be in more than n distinct Anty (D)) (k € N*). Use Urysohn’s lemma and
Lebesgue’s convergence theorem to check that

1 ~
ps(Anty(D) = 5 [ Lo B5(Lr) dus.
S

Then set DS° = Uren- Anti(Dy,); Lemma (C3) yields again that pug(Dy,) = 0.
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Pick an n-cylinder C,, included in int(F'); check that

0= ns(0Cw) = [ ¥()Lor(s) dus(y)
where ¢ is bounded from below on 9F. Then pug(0F) = 0. O

4.4.3. Invariant quasi-Gibbs measure. From now on, we can assume that, modulo
any Gibbs measure, cylinders constitute an increasing family of partitions. It allows
us to consider that B and w are well defined functions on a set of full measure. We
claim that we can extend Lg on L!(ug) for any Gibbs measure.

Proposition 4.10. For any Gibbs measure ps, Lg can be extended to a contracting
bounded operator from L'(ug) to itself.

Remark. For all ¢ in L' (ug), we have [ Ls(¢)dus = [ ¢dus.

Lemma 4.11. Let ¢ € L' (ug); then Zs(go) = ¢ pg-a.e. if and only if the measure
mg defined by dmg = pdug is gp-invariant.

Proof. This is a very classical computation because H and d4F" have zero measure.
O

A direct application of Lemma (11 is the existence of quasi-Gibbs invariant
measure.

Definition 4.12. We call quasi-Gibbs measure any measure mg defined by dmg def

hdus where pg is a Gibbs measure.
It is called quasi-Gibbs invariant measure iff it is a gp-invariant quasi-Gibbs
measure.

5. UNIQUENESS OF THE GIBBS MEASURES FOR (F, gr)

5.1. Some technical lemmas. In this section we briefly recall a well-known Mar-
tingale theorem.

For any integer k, Qp will denote the o-algebra generated by the k-cylinders
family, and £ will denote the trivial o-algebra, meaning the o-algebra whose atoms
are points. Obviously, (Qk)ren+ I8 an increasing sequence with respect to the
measure pg, which converges to £. As the k-cylinders are a partition with respect
to pg, the conditional expectation of any measurable function ¢ satisfies, for pg-
almost every point x,

def z) = 1
o BN @) = g [ gdus

where Cj € Qy is the k-cylinder containing x. Then we have

Proposition 5.1 (Martingale theorem). If ¢ € L'(us), then ¢pp — ¢ pus-almost
everywhere when k — +oo.

This gives the following corollary.

Lemma 5.2. For all Borel sets A in F, for ps-almost every x
ps(ANCr(x))
k—+o0 ,Ll,s(ck(il,'))
where Cy(z) is the k-cylinder containing x.

= ﬂA(iL')
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Proof. Just use Proposition (&1l) with ¢ = 1 4. O
Lemma 5.3. Any Gibbs measure ug is continuous.

Proof. Check that any atom z must be a periodic point, and that the conformal
condition implies every y € Ant(x) is also an atom. Then Ant(z) must be in z’s
orbit. 0

5.2. Uniqueness of us and mg. In this subsection, we will see that there exist
only one Gibbs measure and one invariant quasi-Gibbs measure. This is the conse-
quence of the fact that any Gibbs measure is a conformal measure (see Appendix
B).

Definition 5.4. For n € N we denote by 7, the o-algebra of Borel sets such that
if £ €7, and « € E, then

Ant,(g9p(z)) C E.
If © is in Ant,(y), we will call n-brother of x any element of Ant, (y).

We have the following property, which specifies how any Gibbs measure is well
distributed.

Proposition 5.5. Any Gibbs measure jis is evact, meaning that (), oy Tn = {0, F'}
for the measure ug.

Proof. Let E be a Borel set in 7., def nneNTn' We can assume that E N

(HUG,F) = 0. If us(E) > 0, then using Lemma (B.2) we find a point z in E
such that limg_, o % = lg(x) = 1. Set § > 0; there exists k1 such that
for, all k > k1, we have ug(E N C(z)) > (1 — §)us(Cr(x)).

E is a Borel set of 7, and by Lemma (BT3]) we have
,U'S(E N C, (y)) > (1 _ 6)6740
ns(Cry(y)

for all y ki-brothers of . Summing this inequality over all the kj-brothers of = we
get

ps(B)= > ps(ENCr(y) > (1—)e €.
yEAnty, (9! (2))
By Lemma B3] ps is non-atomic and we must have pug(E) = 1. O

This property of any Gibbs measure yields a property for any correspondent
invariant quasi-Gibbs measure.

Proposition 5.6. Any invariant quasi-Gibbs measure mg is mizing, thus ergodic.

Proof. Let ¢ and 9 be two continuous and zero-integral functions. We will prove
that

lim /¢.1/1 ogpdmg =0.

n—-+oo

[ ¢ ogkdms = [E[p.4p o gi|T,] dmg, which is equal to [E[p|T,].¢) o g% dmg
by the definition of conditional expectation. mg and pg are equivalent and the
o-algebra 7, decreases to the trivial o-algebra. Moreover

IE[#75]-¢ 0 g7 lloo < ¥ lloo [|#l]oo-
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Lebesgue’s dominated convergence theorem yields

lim /(ﬁw ogpdmg =0.

n—-+oo

O

Ergodicity can be seen as an extremal property in the convex compact set of
invariant probability measures. We will use this point of view to prove uniqueness
of the Gibbs measure and the invariant quasi-Gibbs measure.

Proposition 5.7. The system (F,gr) admits a unique Gibbs measure associated
to the potential Bgs and a unique invariant quasi-Gibbs measure.

Proof. Uniqueness of the Gibbs measure is a consequence of the mixing property
of the map (Ruelle’s Perron-Frobenius theorem): The operator Lg has a strictly
positive real eigenvalue of greatest module, which is Ag. Hence, any Gibbs measure
is associated to this eigenvalue Ag for the operator £§. If jig is a Gibbs measure,

we set for any ¢ € [0,1] uk Ctps + (1 —t) s, and mY the measure defined by
dml; = hdpk. Since mY is ergodic for any ¢, fis must be equal to us.

We show in the same way that the eigenvector h of Lg associated to Ag in
L'(ps) must be unique, which proves the uniqueness of the invariant quasi-Gibbs
measure. |

5.3. mg’s property. For the dynamical system (F, gr), we will see that there are
Equilibrium States just as for any Axiom-A. We first define

Definition 5.8. Set M. to be the set of gp-invariant ergodic probability measures,
such that H U JF has zero measure. If m is in M7, we denote by P,,,(Bs) the real
number hy,(9r) + [ Bs dm, and we call it the metric pressure of the measure m for
the potential Bg. We will call pressure of the system for the potentiel Bg, denoted
by P(Bs), the element of R defined by

P(Bs) = sup Pm(Bs).
meMpy

Any measure which realizes this maximum will be called an Equilibrium State for
Bs.

We have the following result.

Proposition 5.9. For every Hélder-continuous function A defined on Q, for every
S > Sg there exists a unique Equilibrium State for Bg, which is the unique gp-
invariant quasi-Gibbs measure associated to Bg. Moreover, the pressure of the
system is log Ag.

Proof. Using ideas given in [I5], [9] and [3], we check that we have just to prove
the following lemma. O

Lemma 5.10. There exists a universal constant C such that, for all n € N, for all
n-cylinders Cy,, and for all x in C,, we have

1 ms(cn)

— < < (.

C - %QSH(BS)(I) - C
S
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Proof. Let n be an integer. Pick C, an n-cylinder and let z be in C,,. C, is a
compact set in F'. As mg(0F) = 0 we have

mg(Cpn) = mg(int(Cy)) =  sup /gpdms
e=<int(Cy)

where ¢ < int(C,,) means that ¢ is a positive continuous function, with support in
int(Cy), and bounded from above by 1. Pick such a function ¢. Then we have

/@dms déf/s&hdﬂs

n =2 T st dusta)

yEAnt, (z)

1
=7 | Lea@e™ B W o(y).h(y) dus ().
s
There exists a universal constant C' such that
1
— <h<C.
cShs

Moreover, the variation of Bg on each cylinder is uniformly bounded by a universal
constant. Equality ) yields

1 (1S<Bs><>) / (153
— x [ —eSn T S @dms < C x [ —e n(Bs)(z) ,
¢\ v

which proves Lemma ET0. O

6. EXTENSIONS

6.1. Extensions of (F, gr, mps). In thissubsection, we will prove that there exists
a measure vg such that the system (£, f,vs) can be seen as an extension of the
system (F, gr, mg).

6.1.1. Natural extension of (F,gr,mg). We defined the system (F, gr) as a factor
of the system (R, g). We first want to check we can find a measure mg on the Borel
set o-algebra of R which projects itself onto mg by mp. In this aim, we have to
define a new map g to solve problems of boundaries.

For x in R, we know that 7p(z) ¢ 0"R, and we set g(x) = frre@) (). Then
we define a family of Borel sets in R in the following way.

Definition 6.1. We call block of R every Borel set A such that either R is empty,
orif x € A, then W?*(z, R) C A.

We define a map mg by

g(A) = mg (rp(A)) if A is a block,
SV T ms (e (§7(A))) if s the lowest integer s.t. §~"(A) is a block.

If we set T % g"(B), n € N, B block}, then we check that 7 is an algebra,
containing the closed sets. The property of sequential continuity holds, meaning
that, for every decreasing sequence of elements in 7, (A )nen such that (), .y An =
0, lim,— o Ms(A,) = 0. Using Carathéodory’s theorem, we have the following
result.

Proposition 6.2. mg is a g-invariant Borel probability measure.
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By construction of g, for each Borel set of I, B, we have img(1,' (B)) = mg(B)
and we claim this implies that (R,g,mg) is the natural extension to (F,gp,mg).
Moreover it’s ergodic, and the Markov property yields that 0“R is g-invariant.
Then we claim it must have zero measure. Hence we deduce the following corollary.

Corollary 6.3. The maps g and g are mg-almost ecverywhere equal. Thus
(R,g,mg) is the natural extension to (F,gr,mg), and mg is g-invariant and er-
godic.

The measure mg satisfies also a variational principle.

Definition 6.4. Set gg to be the function defined by

~

r(z)—1
Bs(z) ? Y Ao ff@) —r(@)S
k=0

for every x in Ry. We denote by M’ the set of g-invariant probability measures

such that R\ (Ro U OR) has zero measure. For v € M, we set P, (Bs) =

ho(9)+ [ gg dv and we call it the pressure of v for the potential Bg. Then we set

P(Es) def sup P,,(B\s),
veMpy

and call it the pressure of the system for the potential gg. Any measure which
realizes this maximum is called Equilibrium State.

We have the following result.

Proposition 6.5. The system (R, g) has a unique Equilibrium State associated to
Bs, which is mg.

Proof. Tt is sufficient to check that Bg o mp and [3\5 are cohomologous for the map
g. Then we use the properties of the natural extension. O

As a direct corollary we have the following.
Corollary 6.6. mg is independent of the choice of the leaf F.

6.1.2. Extension of (R, g,mg). We want to see the system (R, g, mg) as an induced
system (Q, f,vg). Proposition (B2) tells us we have just to prove the following
result.

Lemma 6.7. For each S > Sg, we have frdﬁzs < +00.

Proof. By definition of mg it is sufficient to prove that [rdms < +o00. We have
[ rdus = % [ Ls(r)dus with Lg(r)(xz) = z:i (ZyeAm(k?x) eBS(y)) ke kS for
any z in F'\ (Hy U9yF). Pick zg in F'\ (H1 U9yF). Then Ls(r)(x) can be seen

as the derivative series of the power series Lg(1r)(xo) which converges uniformly
because Sg < S. Lemma 313) yields [ rdmg < +oo. O

Hence we have,

Proposition 6.8. For all S > Sg, there exists an invariant ergodic Borel proba-
bility measure vs such that (Q, f,vs) induces (R, g,mg). Thus, the pressure of vg
associated to A satisfies

PVS(fv A) - S+ VS(R) 10g>\s.
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Proof. The existence of vg is a direct consequence of the previous lemma. Moreover,
d .
log As éfhms(g)—i—fb’sdms:ﬁ[hus(f)—i—fAdz/s—S]. O

Remark. In particular we have A\g < 1, VS > Sg.
6.2. The case S =P4.

6.2.1. Ezistence of up,. By Proposition (43]), we have Sg < P4, but we don’t
know if Sg < P4 or not. However, we know that a sufficient condition for the
existence of pg is that the series Ls(1r)(x) converges for one point = in F. We will
prove that this fact holds for S = P4, and we will deduce existence and uniqueness
of the Equilibrium State for the system associated to the potential Bp,. To make
the reading easier, we will exchange the subscript P4 for A.

Proposition 6.9. There exists a universal constant C such that for all x in F\OF
we have

Z Baw) <C.

yEAnt(x)
Proof. Pick an « in F'\ OF. Pick S > P4. There exists a universal constant
such that Ls(1r)(z) < e Ls(1£)(y), which implies Ls(1g)(z) < e \g. Hence
S+ Lg(1g)(x) is decreasing positive and bounded from above on (P4, +00) and
admits a limit when S tends to P 4. Thus
Lao(1r)(z) < €.
|

This proposition proves that the previous results also hold for S = P 4. We have
in particular the next result.

Proposition 6.10. The dynamical system (F,gr) admits a unique Equilibrium
State associated with B, which is the unique invariant quasi-Gibbs measure m 4.
The pressure of the system is log A 4.

Again the natural extension of the system (F, gr,m4) defines a new dynamical
system (R, g,m 1) and we have the following.

Proposition 6.11. The dynamical system (R,g) admits a unique Equilibrium
State associated to By, which is the measure m 4.

6.2.2. Extension of (R,g,m.). The Proposition (B.2) says that a sufficient condi-
tion to find an extension of (R, g, M) is that [ rdu4 is bounded from above. This
part is devoted to the proof of this claim. We claim it is sufficient to prove that

+oo

Z Z BYW I ne ™ < +o00

n=0 \yeAnt(n,z)

for some z in F. Pick one z in F', y in Ant(n,z). Lemma ([A]]) gives two families of
sets {€5(f*(y)) h<k<n and {€*(f*(y))}o<k<n, each set containing a ball of radius
¢ in the adapted topology, and each set being either wholly inside R, or wholly
outside. Moreover by Lemma (AZ), there exists an N such that every £*(f*(y))

intersects f~N(R) and &¢*(f*(y)) intersects fV(R). Pick k < n — 2N. Then, there
exists an integer N < N and there exists a point zx(y) € £%(y) = F such that
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(i) f7(zr(y)) € £(f(y)) for all j < k;
(ii) 5N (2k(y)) € R, 77N (2k(y)) ¢ R for all k < j < Ni;
(iil) fITNTNe(z(y)) € fITNTNe(y) for all j§ <n — N + Ny.

Lemma 6.12. If z is a point in ), there are finitely many y’s in Ant(n,z) such
that z = z(y) for one k. This finite number is uniformly upper bounded in x and
n.

Proof. 1f z = 2 (y) = 2k (y'), then f*(y) and f*(y’) must be (¢, N + Nj)-separated.
We denote by E(e,2N) the largest cardinal of any maximal (g, 2N )-separated set.
The case z = 2x(y) = 21 (y') is impossible because if k& < k', then f**¥(z)isin R
and its orbit doesn’t intersect R for k+ N +1 to n— 1, and we must have f¥ N (z)
in R. Finally less than E(e,2N) different y’s can give the same z = zx(y). O

If 2 = 2z (y), then f7(z) and f7(y) are close for 0 <i <k andn—k— N — N <
j < n. This proves that there exists an uniform constant C such that

S AW) < (C Su(A)),

as soon as z = z(y) for one k < n — 2N. Thus the case z = zk(y) = 2z (y) is
impossible for the same reason that z = 2 (y) = 2 (') is impossible. Moreover, if
we denote by Z the set of all points z = zx(y) for one y in Ant(n,z) and one k, all
the elements of Z are in F' and have image by f™ in W#(x, R). They are preimages
of z and {f*(2)}o<r<n doesn’t intersect R more than N + 2 times for every z. This
means that
N+1
(5) Lalr)(z) < <ec E(g,2N) Z Eﬁ(ﬂp)(:ﬁ)) +2NLA(Lp)(x).

k=3
As L 4(1F)(z) converges, L% (1 )(x) converges for all k and inequality (5) shows
that
La(r)(z) < +oo.

We denote by v 4 the f-invariant probability measure on €2 such that the dynam-
ical system (0, f,v.4) induces the dynamical system (R, g,m.4). Again we have

(6) Pua(f,A) = Pa+va(R)logAa.

6.3. Computation of A 4. Equality (@) shows that A4 < 1. We will prove that
Aa > 1, and because of uniqueness of the Equilibrium State for the system (€, f),
it will prove that v4 = u.

Assume that A4 < 1; then £ 4 is a contraction, and for all x in F,

+o0
> Lh(lp)(x)
n=0

converges. Pick an (g,n)-maximal-separated set of points E, and = in F. If y
is in E,, we can find z, such that z, € F, f¥(z,) and y are (¢/2,n)-close and
[N (z,) € R. To z, we associate y’ such that mp o f"™2N(y') = z and y €
Chry2on(zy). We obtain a new set E/, such that

6_0 Z GS"(A)(y) < Z eS”+2N(A)(y/) Sec Z eS”(A)(y).

yEE, y'€E], yEE,
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If (E,)nen is a family of (¢, n)-maximal-separated sets, then we have

—+oo +oo
Z Z S AW =1Pa() < O Z Z Sty (D))= (+2N) Pt (1)

n=0yekE, n=0y'€E/,
+oo
(7) < @) Lh(Le) (@)
n=0

We know (see [4]) that there exists a universal constant such that

1
E S ZH(A) e—TLP_A S 07
where Z,(A) denotes >_ p e AW Tnequality (7) says that Z::(’) L% (1) (x)
cannot converge, and this finally proves that A4 > 1.

Uniqueness of Equilibrium State gives the following.

Proposition 6.13. The measure v4 is the measure p™.

7. PROOFS OF THEOREMS

7.1. Proof of Theorem A’. We first define a measurable partition subordinate
to the stable foliation. The proof of the absolute continuity will not depend on
the choice of the partition because of the subordinate condition. We define the
partition n° in R as n®(x) = W*(z, R), and more generally

nps () = g™ (n°(y)) if there exists y in R, such that ¢"(y) = z,
g = {z} if not.
Then Proposition (B.) yields

Proposition 7.1. There exists a set T'° with full p-measure in R such that for
all z in T and for all integers n € N, every non-trivial atom g"n*(y) (y € n*(x))
is such that

.A S n,.s h(yF) (B 7F7/
de de

where yp 2 wr(y) and Y% lef TFog " (y).

We can now prove Theorem A’. We check that for every (z,y) in I'* the two

measures 7% and /%4’3 are equivalent modulo the unstable holonomy.

Lemma 7.2. There exists a universal constant C' such that for every (x,y) in 'S
if z1 and zg are respectively in n°(x) and n°(y), and z1 € n*(z2) and g"n®(z1) is
non trivial for every n, then, for all n,

L _ (e (=) _

C = (g (z1))

Proof. This is a direct result of Proposition (Z1]), plus the Holder continuity prop-
erty of B and the continuity of h. O

Keeping the same notations, we check that the Jacobian is

h(ﬂ'F(x)) (Z+oo (Aof_k( )7./4 f—k( ))+ ( )7 ( ))
8 J(z1, 2 = V) (k= 22 o 21))w(z2)—w(z1))
® TRl = )
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n,s

(9" n® (22))

The Martingale theorem proves that J(z1, z2) = limn_,+oo ) For n we
have
A, (
9) 1y (9" (22)) _ h(ng)h(le)es,,(zs)(ng)—s,,(B)(z;LF).
12 (g (21)) h(z2r)h(27F)
The cocycle property of B proves that if we set r = r"(z]x),
Sn(B)(23r) — )(21F) ZAO Magp) — Ao f7R(20E) + w(z2) — w(=1),

the Holder properties and the contractions prove that there exists some universal
constant C such that

C
Z Ao [Magp) = Ao [ (z2)| < 15,
k=r/2

(10) S o e — Ao f )| < S
k=r/2 i) RREYE

r/2

C
ZAO (20) Aof(le)SW.

Inequalities (I0) and the continuity of h prove equality (8).

We do the same with f~! and we get a set T of full yA-measure in R. We set
' =T“NTI*. For any z and y in T, 4% and /%47" are equivalent modulo holonomy;
hence pM" is equivalent to m 4 for every x in F. This proves that u has a local
product structure in R and then in all €.

By [12], we know the existence of a set A of full y-measure of points such that
s and pb* have pointwise dimensions equal to 6° and 6*. Pick any point z in
A NT. Because of the continuity of x — E"(z) and z — E*®(x), there exists a
universal constant C' such that for every p small enough we get

(11) |B%(x, £):B*(z. £)| € Bla.p) € [B"(2.Cp): B(2,Cp)].

and the absolute continuity of conditional measures yields

G 1 (B ) i (B (2, ) < (1B, 0); B (2. )])

(12) < Ot (B, p) 17 (B (2, 0))
for some universal constant C’. Then (1)) and (I2) finish proof of Theorem A’.

7.2. Proof of Theorem A. We first recall a result from [5] in the case of invariant
transversal measure.

Lemma 7.3. Suppose that £ is a subfamily of transversals to the stable foliation
such that Q = {W*(x),x € Jgce int®(K x D")}. Then the map

{,LLK}K transversal — {,LLK}KEE

is a bijection between W*-invariant measures and a family of measures on {K € £}
satisfying the required conditions on these sets.
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If z is in Q, then W*(z) Nint(F) # 0, and int(F) C int(R). This shows that
to prove existence and uniqueness of {ux} it is sufficient to prove existence and
uniqueness of such a measure on the unstable leaf F.

Then we check that p 4 is the unique measure satisfying the conditions.

The two conditions prove that if such a measure exists, it must be a conformal
measure for the system (F, gr) with Jacobian e Sr@) (A)@)+r(@)Pa—w(@)  Thig yields
that the measure must be p4. We check existence now. Pick A and A’ two Borel
sets, with a one-to-one Borel map 74 - between them. We first assume that
AC Fyxand A" C F. Set A = ||,y An such that 2 € A, if and only if n is
the first integer such that f"(z) € R and f" oma a/(x) € W3(f"(z), R). Cut any
A,, in countable A™ such that, on each A™, f™ corresponds to a map g*»m and,

!’ k;
on each A", f™ corresponds to a map g"»m. Hence gif”m (Am) = g™ (A"}, the
cocycle property of B, and the fact that p 4 is conformal prove that

Y(n,m) € N* x N py(A)) = / eV (maar (@) gy 4
Am
This proves that u 4 satisfies conditions of Theorem A. Moreover, i 4 is equivalent
to m_4 which is equivalent to % for any z € F by Theorem A’.

APPENDIX A. SOME FACTS ABOUT AXIOM A

We give here some general facts in the Axiom-A theory. In this part, we assume
we have a cover of the basic set Q by some Markov partition, denoted by R = {R;}.
The finite union of unstable (resp. stable) boundaries will be denoted by "R (resp.
0*R). The map = +— d°(x,0"R), where d® denotes the canonical metric on the
stable leaves, is continuous. Then for each 4, there exists some constant d; > 0 such
that, for all x € R;, W*(z, R;) contains a ball of radius bigger than d;. As we have
finitely many rectangles, we have 0 < d = min; d;.

Lemma A.1. Assume z is in Ry, f"(z) € Ro and f*(z) ¢ Ro for every 1 < k <
n — 1. Then there exists a family of sets (£°(f*(x)))1<k<n such that

(i) & (f"(x)) =W=(f"(x), Ro) ;

(ii) for any k in [1,n — 1] €5(f¥(x)) € Wi .(fF(2)), and & (f*(x)) N Ry =10 ;
(iii) for any k, f(&*(f*(2))) € & (f**(x)).

Moreover, there exists an uniform constant € = €(R) such that

& () > B(yr:€) > f*(2)
for some yi.

Proof. Pick one x and one n. We first set £°(f"(y)) = W*(f"(x), Ry). Assume
we have defined £°(f*(z)) and that its boundary is included in 9“R. We define
& (f*=1(z)) in the following way: f~(£%(f*(x))) contains f*~!(z) which is outside
of Ry, and its boundary is again in 9*R. If the interior of f~1(£*(f*(z))) (for the

W#-topology) doesn’t intersect with %R, then f~1(&*(f*(x)))N Ry = 0, and we set
E(fF1(x)) = F71(€5(f*(x))). Otherwise, the Markov property of R proves that
we can find an open subset of f~1(£5(f*(z))) (in the W*-topology) with boundary
in 9*R which contains f*~!(z) and doesn’t intersect with Ry. This set defines
€ (f*1(x)). In each case, £*(f* 1(x)) contains a ball in the stable foliation of
radius d/2. O

Remark. We have also a family of set (£€“(f*(y)))1<k<n With symmetric properties.
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We formulate now in a different way the mixing property.

Lemma A.2. Let € be an expansiveness constant. There exists an integer N such
that for every x € Q WX(x) N f~N(Ry) # 0.

[e]
Proof. Because Ry is an open set, it contains a periodic point xg. Let py be x¢’s
period. As W#(xg) is dense in Q, for every z in {2, there exists some n, such

that W¥(z) N f="PoW*(xg, Rg) # 0. Moreover, if W¥(z) N f="PoW$ (g, Ry) #
(), then there is an open set U containing x such that for all y in U Wk(y) N

fTPOWE (29, Rg) # 0. By compactness we can find a finite number of such open
sets, and a finite maximal V. O

Remark. If N is taken large enough, we know that f&~ (Wx(z))n ](i?o is an unstable
leaf of Ry. In the same way, if N is taken sufficiently large, W2(z) N f~ (Rg) # 0
for all z and f=N (W2 (x)) N Ro is a stable leaf of Ry.

QUESTION: In this part only we seem to be forced to assume existence of
a cover by rectangles with the Markov property. This could be an obstacle to
extending this method to the non-uniform hyperbolic case. Is there a geometrical
way to prove that if we have just one rectangle with the Markov property, then the
set Q\ U,,>0 f (0" R) must be a union of open sets containing balls of big radius
in the W*-topology?

APPENDIX B. SOME FACTS ABOUT EXTENSIONS

We give here some general facts about extensions. We first recall that if (Y, ¥, v)
is a dynamical system, the measure v is said to be conformal with Jacobian J, if
for all Borel set B such that W g is one-to-one,

V(\I/(B)):/ Jdv.

B

The next result gives a relation between the measure v of a system (Y, ¥,v) and
the conditional measures along the fibers of its natural extension.

Proposition B.1. Let (Y, U,v) be a dynamical system and (X, ®, ) its natural
extension. Let I be the canonical map from X onto Y. Assume there exists a
countable partition (in the sense of v) (Yo )nen of Y such that for every n W(Y;,) =
Y. Assume it is a generating partition

—+00
\/ U (Y (0 () = {y} v-ace.,
n=0

and each fiber in X, X, def {z € X,(x) =y}, has a countable number of images

of fibers by ®. Then the partition of X in fibers is measurable and if p, denotes its
unique system of conditional measures, then v is conformal with Jacobian

1
u(y) (2(IT71(y)))

We give now another result which says when a system can be seen as an induced
sub-system.
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Proposition B.2. Let (Y, V,v) be a dynamical system with v a U-invariant ergodic
Borel probability measure. Assume that
(1) YCX;
(2) U is almost everywhere the first return map in 'Y associated to the iteration
of an inversible map ® from X onto itself;
(3) If r is the first return time map (¥(z) = ®"@)(z)), then [rdv < +o0.

Then there exists a P-invariant ergodic Borel probability measure such that (X, P, )
induces by the first return map the system (Y, ¥, v).

Proof. We give here just the sketch of the proof. For a complete proof, see [7].

Denote by [ = ﬁ. Pick any Borel set in X, and any integer k. Set

Ay, def {y € Asuch that @ *(y) €Y and @7 (y) ¢ Y V j < k}
and define

+o0
w(A) 1« <ZV (@‘k(Ak))> .

k=0
Just check that p satifies the required properties. O

APPENDIX C. IONESCU-TULCEA AND MARINESCU’S THEOREM

We recall here Tonescu-Tulcea and Marinescu’s theorem, and some useful lemmas.
Some complete proofs can be found in [10] or [6].

Tonescu-Tulcea & Marinescu Theorem. Let (V, || ||y) and (U, | ||u) be two C-
Banach spaces such that V C U. We assume that
(1) if (on)nen s a sequence of functions in V which converges in (U, | |lu) to a
function ¢ and if, for alln €N, ||p,|lv < C, then ¢ €V and ||¢lly < C,
and ® is an operator from U to itself such that

(i) @ leaves V invariant and is bounded for || ||v ;
(i) sup, (10" (9) o 0 € V. llglle < 1} < M < 00 ;
(iv) there exist an integer ng and two constants 0 < a <1 and 0 < b < +00 such
that for all o € V we have || 2™ (o)|lv < allellv + bllellu ;
(v) if X is a bounded subset of (V.| ||lv), then ®°(X) has compact closure in
@ || Mlee)-
Then ® has a finite number of eigenvalues of norm 1: Ai,..., A, and ® can be
written ® = Zle Ai®; + U, where the ®; are linear bounded operators from V to
®(V) of finite dimension image contained in V, and where U is a linear bounded
operator with spectral radius p(¥) <1 in (V, || ||v).
Moreover the following hold: ®;.®; = ®;.®; =0 for all i # j, ®;.®; = ®; for all
i, and ®;.¥ = U.®, =0 for all i.

Remark. In particular, we will get, for all n, " = le APD; + 0,
Under the same assumptions we get the three following results.

Lemma C.1. There exists L € Ry such that for all m € N and for all ¢ € V we
have [| ™7 (@)[lv < a™|[(@)llv + LIl (@)l

Lemma C.2. The family (||®™||v)m is uniformly bounded.
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Lemma C.3. For all p €V there exists © € V such that

—1
1TL
lim [|=) ®Ftmo(p) -3l =o0.
i (= (o) -9
k=0 u
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